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Abstract
This is a survey paper concerning multi-variable special functions associated with /nite re%ection groups.
The key tool is the algebra of di0erential-di0erence (“Dunkl”) operators. The methods are illustrated for
several important types of these groups. There is a brief treatment of a generating function with icosahedral
symmetry.
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1. Outline
We approach the study of special functions and orthogonal polynomials of several variables by
means of symmetry groups, in particular, /nite re%ection groups. These are subgroups of the orthog-
onal group O(N ) generated by re%ections, period two transformations with an invariant hyperplane.
The linear functions which vanish on these hyperplanes are natural building blocks for weight func-
tions invariant under the action of the group. The topics comprise:
• Re%ection groups and operators
• Inner products and integrals
• The dihedral group
• The symmetric group
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• The hyperoctahedral group
• The icosahedral group.
2. Introduction
On RN with the inner product 〈x; y〉 =∑Ni=1 xiyi, norm ‖x‖ = 〈x; x〉1=2 the re%ection v along
v∈RN ; v = 0 is de/ned by
xv = x − 2(〈x; v〉=‖v‖2)v;
note 2v = 1; vv =−v; xv = x ⇔ x ⊥ v ⇔ 〈x; v〉= 0. A (reduced) root system R is a /nite subset
of RN \ {0} such that for u; v∈R,
1. uv ∈R,
2. v= cu with c∈R implies c =±1.
Pick some u0 with 〈v; u0〉 = 0 for all v∈R and let R+ = {v: v∈R; 〈v; u0〉¿ 0}, the set of positive
roots. The group W (R) is the subgroup of O(N ) generated by {v: v∈R+}. This is the set of all
re%ections in W (R); a certain subset (“simple roots”) suEces to generate the group.
A multiplicity function is given by {kv: v∈R} such that (i) u; v∈R and uw= v for some w∈W ,
equivalently (ii) u; v are conjugate in W implies ku = kv. Let h(x) =
∏
v∈R+ |〈x; v〉|kv . This function
is invariant under the action of W (where W acts by wf(x) =f(xw)) and h2 is combined with the
measures dm on S={x : ‖x‖=1}, (the standard rotation-invariant measure), dx and exp (−‖x‖2=2)dx
on RN to form interesting L2 spaces.
Example 1. Let i = (0; : : : ;
i
1; 0; : : :) denote the standard unit vector; the root system AN−1 is {i −
j: i = j}, the re%ection along i− j is the transposition of coordinates x(i; j)=(x1; : : : ; ixj; : : : ;
j
xi; : : :).
The group W (AN−1) is the symmetric group on N objects. There is one conjugacy class of re%ections,
parameter value k and
h(x) =
∏
16i¡j6N
|xi − xj|k :
Example 2. The dihedral group I2(m) is the symmetry group of the regular m-gon in R2; it has one
class of re%ections when m is odd, two when m is even. In polar coordinates x1= r cos ; x2= r sin 
we have
h(x) = rmk0 |sinm|k0
h(x) = rm(k0+k1)=2
∣∣∣sin(m
2

)∣∣∣k0 ∣∣∣cos(m
2

)∣∣∣k1
for m being odd, even respectively. (For m= 1; 2 the Gegenbauer and Jacobi polynomials occur.)
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The analytical tools for re%ection groups are the di0erential di0erence (Dunkl) operators, for
16 i6N
Tif(x) =
@
@xi
f(x) +
∑
v∈R+
kv
f(x)− f(xv)
〈x; v〉 vi;
which are homogeneous of degree −1 and commute pairwise [2].
2.1. Associated inner products
For polynomials f; g and kv¿ 0 let
〈f; g〉H = ck
∫
RN
f(x)g(x)h(x)2 exp
(
−‖x‖
2
2
)
dx
〈f; g〉S = c′k
∫
S
f(x)g(x)h(x)2 dm(x)
〈f; g〉p = f(T1; : : : ; TN )g(x)|x=0;
the subscripts stand for Hermite, sphere, and pairing. The constants c are chosen so that 〈1; 1〉= 1
(the evaluations are known as the Macdonald–Mehta–Selberg integrals). There are relations among
these inner products. De/ne the k-Laplacian
!k =
N∑
i=1
T 2i
then 〈f; g〉p = 〈e−Nk =2f; e−!k=2g〉H.
Further let Pn be the space of polynomials homogeneous of degree n (dimension is (
N+n−1
n )) and
let Hn = {f∈Pn: !kf = 0}, the space of harmonic polynomials (dimHn = dimPn − dimPn−2).
Then L2(S; h2 dm) = ⊕∞n=0Hn and for f; g∈Hn we have 〈f; g〉p = 〈f; g〉H = 2n(N=2 + $)n〈f; g〉S,
where $= deg h=
∑
v∈R+ kv.
One of the goals is to /nd explicit orthogonal bases and norm formulae for these inner products
for particular re%ection groups. Much is known for dihedral and symmetric groups.
To illustrate the role of generating functions consider the Gegenbauer polynomials of index %
given by
(1− 2 tr + r2)−% =
∞∑
n=0
C%n (t)r
n
the zonal spherical harmonics are C%n (〈x; y〉=‖x‖)‖x‖n for a /xed y∈ S and a certain %. Let F =1−
2〈x; y〉r + ‖x‖2r2 then !(F−%) =−2%(N − 2− 2%)r2F−%−1 which is zero when %= N=2− 1.
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In the re%ection group setting let N = 2;
T1f =
@f
@x1
;
T2f =
@f
@x2
+ k
f(x1; x2)− f(x1;−x2)
x2
(the group is Z2); in F let y= (1; 0) then !kF−% =−4%(k − %)F−%−1. This shows how Gegenbauer
polynomials appear as harmonics (with the weight function |sin |2k d on the circle).
2.2. The intertwining operator
Given the group W (R) and parameters kv there is a unique linear operator V on polynomials (see
[3]) such that
1. VPn ⊂ Pn each n
2. TiV = V@=@xi each i
3. V1 = 1.
The kernel K(x; y) =
∑∞
n=0 Kn(x; y) where Kn(x; y) = Vx(〈x; y〉n=n!) is the reproducing kernel for
〈· ; ·〉p and K(ix; y) appears as the kernel of a generalization of the Fourier transform (for /xed
y∈RN , K(ix; y) is positive-de/nite [8]). It is desirable to /nd expressions for V in particular cases.
3. Example: dihedral groups
These are denoted by I2(m); we consider the case: m is odd; there is one parameter.
Use complex coordinates z = x1 + ix2 and Qz = x1 − ix2. Let ! = e2-i=m then the re%ections in the
group are z → Qz!j; 06 j6m − 1; the function h = ((zm − Qzm)=(2i))k . The analogues of @=@z and
@=@ Qz are T = 12(T1 − iT2) and QT = 12(T1 + iT2). Thus !k = T 21 + T 22 = 4T QT .
Consider the polynomial gn=Vzn; by de/nition of V , QTgn=0 and Tgn=ngn−1. The /rst condition
already determines gn up to a constant multiple.
For |rz|¡ 1 let
F0(r; z) = (1− rz)−1
m−1∏
j=0
((1− rz!j)(1− r Qz!j))−k
= (1− rz)−1(1− r2mzm Qzm)−k
then QTF0(r; z) = 0 and TF0(r; z) = (r2(@=@r) + r(1 + mk))F0 + kr
∑m−1
j=0 !
jF0(r; z!j). Also
F0(r; z) =
∞∑
n=0
m−1∑
j=0
rmn+jzjC(k; k+1)n (z
m);
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where
∑∞
n=0 r
nC(k; k+1)n (.) = (1− r Q.)−k(1− r.)−k−1 and
C(k; k+1)n (/e
i) = /n
(
n+ 2k
2k
Ckn (cos ) + i sin C
k+1
n−1(cos )
)
:
So Vzn is a multiple of the coeEcient f(0)n (z) of rn in F0
Vzn =
n!(k + 1)s
(mk + 1)n(2k + 1)s
f(0)n (z); s=
⌊ n
m
⌋
:
Next consider Vxn1, annihilated by T − QT ; let
F1(r; z) = (1− r(z + Qz))−1
m−1∏
j=0
(1− r(z!−j + Qz!j))−k
=
∞∑
n=0
f(1)n (z)(2r)
n
then (T − QT )F1(r; z) = 0 and (T + QT )F1(r; z) = 2r(r@=@r + 1 + mk)F1(r; z) (proof by logarithmic
di0erentiation); and Vxn1 = (n!=(2k + 1)n)f
(1)
n (z). It can be shown that
F1(r; z) = (1− r(z + Qz))−1
∞∑
i; j; n=0
(k)i+j(m(i + 2j + k))2n
n!i!j!(m(i + 2j + k) + 1)n
(−1)j
×(zm + Qzm)i(z Qz)mj+nrm(i+2j)+2n:
Of course we really want an explicit form of V , but as yet there is not even a formula for
V (xn11 x
n2
2 ). Consider Vx
n
2. Let
.(r; z) = rm(zm − Qzm);
(r; z) =
m−1∏
j=0
(1− r(z!−j − Qz!j)) + .(r; z)
then (r; z) =
∑
j¡m=2 m=(m− j)
(
m− j
j
)
r2j(z Qz)j.
Let
F2(r; z) = (1− r(z − Qz))−1
1(k + 12)
1((k + 1)=2)1(k=2)
×
∫ 1
0
t(k−1)=2(1− t)k=2−1(+ t.)(− .)( 2 − t.2)−k=2−1 dt
=
∞∑
n=0
f(2)n (z)(2ir)
n:
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It can be shown that
(T + QT )F2(r; z) = 0;
(T − QT )F2(r; z) = 2r
(
r
@
@r
+ 1 + mk
)
F2(r; z):
The idea is to work under the integral sign and then show that the resulting integral is zero by
exhibiting an antiderivative. Then
Vxn2 =
n!
(2k + 1)n
f(2)n (z):
It is possible to give a series (triple sum) for F2 but the proof of the behavior under T; QT needs
(practically) the integral form. The details of this section are in [6].
4. Example: the symmetric group
The operators are
Tif(x) =
@
@xi
f(x) + k
∑
j =i
f(x)− f(x(i; j))
xi − xj :
The related operators Ui = Tixi − k
∑
j¡i(i; j) commute pairwise and are self-adjoint for 〈· ; ·〉p (note
xi is the multiplication operator). The simultaneous eigenfunctions are called nonsymmetric Jack
polynomials. A composition is 2=(21; : : : ; 2N )∈NN0 where N0={0; 1; 2; : : :}; and 2+ is the descending
re-arrangement of 2, that is, a partition % (where %1¿ %2¿ · · ·¿ %N ). Further |2| =
∑N
i=1 2i; the
dominance order is 2  3 ⇔ ∑ji=1 2i¿∑ji=1 3i for each j and 2 = 3. An associated ordering is
given by 2 . 3 ⇔ |2|= |3|, and 2+  3+ or (2+ = 3+ and 2  3). The monomial x2 =∏Ni=1 x2ii . For
each 2 there is a monic nonsymmetric Jack polynomial of the form x2+
∑
2.3 A32x
3 (the A32 ∈Q(k),
depend on N ). Another basis for homogeneous polynomials is given by the generating function
(see [4])
∑
2∈NN0
p2(x)y2 =
N∏
i=1
(1− xiyi)−1
N∏
i; j=1
(1− xiyj)−k :
By use of this generating function we can show that Tip2 = 0 if 2i = 0. The nonsymmetric Jack
polynomials with a di0erent normalization are .2=p2+
∑
3.2 B32p3 (with B32 ∈Q(k)); but now the
coeEcients B32 are independent of N in this sense: if for some m we have 2i =0 for all i¿m then
B32 = 0 implies 3i = 0 for all i¿m and B32 does not depend on N ¿m.
There is another pairing for which the {Ui}Ni=1 are self-adjoint: de/ne 〈x2; p3〉b=723 and extend by
linearity [9]. The explicit formulae for 〈.2; .2〉p and 〈.2; .2〉b are complicated (involving generalized
Pochhammer symbols and hook-length products, see the monograph [7] by Dunkl and Xu). There is a
symbolic calculus approach to the {p2}. Consider the linear isomorphism on polynomials (
∑
n¿0Pn)
mapping p2 to q2 (where q = (q1; q2; : : :)). De/ne formal linear operators as follows: let 9i replace
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qi by 0, and let /i; j replace qj by qi. Then Ti is mapped to
Tˆ i =
@
@qi
+ Nk
1− 9i
qi
+ k
∑
j =i
/i; j + /j; i − 1− (i; j)
qi − qj :
This allows the proof of the triangularity property for the ordering ..
5. Example: the hyperoctahedral group
The group is denoted G=W (BN ), generated by permutations of coordinates and sign-changes. The
root system is BN = {±i ± j: 16 i¡ j6N} ∪ {±i: 16 i6N}. There are two parameters k0; k1
for the two classes of re%ections. Let xi = (x1; : : : ;
i−xi; : : :) for each i, then the Dunkl operators are
Ti =
@
@xi
+ k1
1− i
xi
+ k0
∑
j =i
(
1− (i; j)
xi − xj +
1− i(i; j)i
xi + xj
)
:
The Laplacian !k is closely related to the Hamiltonian with exchange terms for the (quantum)
spin-Calogero system on the line; the system consists of N identical particles located at x1; x2; : : : ; xN
which are subject to harmonic con/nement and interact (with the other particles and their mirror
images) with an inverse-square potential.
H=−!+ v2‖x‖2 +
N∑
i=1
k1(k1 − i)
x2i
+2k0
∑
16i¡j6N
{
k0 − (i; j)
(xi − xj)2 +
k0 − i(i; j)i
(xi + xj)2
}
;
where v; k0; k1 are positive parameters. The base state is
 0(x) = e−v‖x‖
2=2
∏
16i¡j6N
|x2i − x2j |k0
N∏
i=1
|xi|k1
and the Hamiltonian is transformed to
 0(x)−1H 0(x) =−!k + 2v
N∑
i=1
xi@i + vN (1 + 2k0(N − 1) + 2k1):
The simultaneous eigenfunctions of the mutually commuting self-adjoint operators Tixi−k0
∑
j¡i((i; j)+
i(i; j)i) can be expressed in terms of nonsymmetric Jack polynomials in the squared variables
(x21 ; : : : ; x
2
N ) (for more details see Chapter 9 in [7]).
It is another research goal to /nd spherical harmonics of type B, i.e. the associated Hn. A small
beginning exists [5]: use the symbolic calculus from type A with (squares of xi), let z; t ∈C, and
w1 = (1− ztq1)−1(1− z−1tq2)−1;
w2 = (1− z−1tq1)−1(1− ztq2)−1;
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f0 =
1
2
(w1 + w2) =
1− st(q1 + q2) + t2q1q2
u1u2
;
f1 =
w1 − w2
z − z−1 =
t(q1 − q2)
u1u2
;
where s= 12(z+z
−1); ui=1−2stqi+t2q2i (for i=1; 2). Let fi correspond to Fi under the isomorphism,
so
F0 =
1− st(x21 + x22) + t2x21x22
(1− 2stx21 + t2x41)(1− 2stx22 + t2x42)
N∏
i=1
(1− 2stx2i + t2x4i )−k0 ;
F1 =
t(x21 − x22)
(1− 2stx21 + t2x41)(1− 2stx22 + t2x42)
N∏
i=1
(1− 2stx2i + t2x4i )−k0 :
Generate polynomials by
F0 + F1 =
∞∑
n=0
n∑
j=0
<n;j(x)sjtn;
x1(F0 + sF1)− x1F1 =
∞∑
n=0
n∑
j=0
 n; j(x)sjtn;
then (only two examples are given here)
h4n =
n∑
j=0
(2(N − 1)k0 + k1 + 12 + 2n)j( 12)j
((N − 1)k0 + k1 + 12 + n)j(Nk0 + n+ 1)j
<2n;2j
and
h4n+1 =
n∑
j=0
(2(N − 1)k + k1 + 32 + 2n)j( 12)j
((N − 1)k + k1 + 32 + n)j(Nk + n+ 1)j
 2n;2j
+
n∑
j=1
(2(N − 1)k + k1 + 32 + 2n)j−1( 12)j
((N − 1)k + k1 + 32 + n)j−1(Nk + n+ 1)j
 2n;2j−1
satisfy Tihm = 0 for all i¿ 2 and !khm = 0 (where the subscript indicates the degree).
6. Example: the icosahedral group
There is one parameter. Let = = (1 +
√
5)=2, the golden ratio. The root system consists of
(±2; 0; 0); (0;±2; 0); (0; 0;±2); (±=;±=−1;±1); (±1;±=;±=−1); (±=−1;±1;±=) and is denoted by
H3; there are 15 positive roots. The group W (H3) acts on the icosahedron I={(0;±=;±1); (±=;±1; 0);
(±1; 0;±=)} (which has 12 vertices, 20 triangular faces, 30 edges, see [1]). For each y∈I there
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are /ve re%ections /xing y and the other ten map y to the points of I \ {±y}. This property is
the basis of the following de/nition: for y0 ∈I let
F(r; x;y0) = (1− r〈x; y0〉)−1
∏
y∈I
(1− r〈x; y〉)−k
=
∞∑
n=0
qn(x;y0)rn:
The product is even in x∈R3. Use the directional derivative Tuf=〈u;∇f〉+
∑3
i=1 uiTif, for u∈R3;
then
TuF(r; x;y0) = 〈u; y0〉
((
r2
@
@r
+ r(1 + 11k)
)
F(r; x;y0)− krF(−r; x;y0)
)
;
which implies
Tuqn(x;y0) = 〈u; y0〉(n+ k(11 + (−1)n))qn−1(x;y0)
and V 〈x; y0〉n = cnqn(x;y0) where
cn =
s!( 12)t
(6k + 1)s(5k + 12)t
with s= n=2; t = (n+ 1)=2. As yet there are no formulae for V of arbitrary monomials. We can
compute the pairing 〈qn(·;y0); qn(·;y1)〉p for y0; y1 ∈I; indeed the value is (n!=cn)qn(y1;y0). We
have
qn(T ;y0)qn(x;y1) =
1
cn
qn(T ;y0)V 〈x; y1〉n = 1cn V (qn(@x;y0)〈x; y1〉
n)
=
1
cn
〈y1;∇〉nqn(x;y0) = n!cn qn(y1;y0):
To evaluate this consider the two cases y1 =y0 and 〈y0; y1〉= =. The possible factors in F(r; y1;y0)
are 1 − r2(= + 2)2 = 1 − 5=2r2 (once) and 1 − r2=2 (/ve of these). Also write (1 − r〈y1; y0〉)−1 =
(1 + r〈y1; y0〉)(1− r2〈y1; y0〉2)−1. Then qn(y0;y0) is the coeEcient of rn in
(1 + r(=+ 2))(1− 5=2r2)−k−1(1− =2r2)−5k
the coeEcient of r2n is
∑n
j=0((k+1)j(5k)n−j=j!(n− j)!)5j=2j (and note that =m=fm=+fm−1, where
fm is the Fibonacci number, f0 = 0; f1 = 1; fm+1 = fm + fm−1).
For the case 〈y0; y1〉= =, qn(y0;y1) is the coeEcient of rn in
(1 + r=)(1− 5=2r2)−k(1− =2r2)−5k−1
the coeEcient of r2n is
∑n
j=0((k)j(5k + 1)n−j=j!(n− j)!)5j=2j.
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The icosahedral group is an interesting object of study, with applications to quasi-crystals. The
present example is only a beginning for the study of H3 special functions.
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